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ON AN INVERSE PROBLEM FOR ANISOTROPIC
CONDUCTIVITY IN THE PLANE
GENNADI HENKIN AND MATTEO SANTACESARIA
Abstract. Let Ωˆ ⊂ R2 be a bounded domain with smooth bound-
ary and σˆ a smooth anisotropic conductivity on Ωˆ. Starting from the
Dirichlet-to-Neumann operator Λσˆ on ∂Ωˆ, we give an explicit proce-
dure to find a unique (up to a biholomorphism) domain Ω, an isotropic
conductivity σ on Ω and the boundary values of a quasiconformal dif-
feomorphism F : Ωˆ→ Ω which transforms σˆ into σ.
1. Introduction
Let Ω ⊂ R2 be a bounded domain, and let σ be a C2-anisotropic conduc-
tivity defined over Ω, i.e. σ = (σij) is a positive definite symmetric matrix
on Ω in the C2 class. The corresponding Dirichlet-to-Neumann map is the
operator Λσ : C
1(∂Ω)→ Lp(∂Ω), p <∞ defined by
(1.1) Λσf = σ
∂u
∂ν
|∂Ω,
where f ∈ C1(∂Ω), ν is the outer normal of ∂Ω, and u is the C1(Ω)-solution
of the Dirichlet problem
(1.2) ∇ · (σ∇u) = 0 on Ω, u|∂Ω = f.
The equation (1.2) represents the conservation of the electrical charge on
Ω if the voltage potential f is applied to ∂Ω, and Λσf is the current flux at
the boundary. The following inverse problem arises from this construction:
how much information about σ can be detected from the knowledge of the
mapping Λσ?
Inverse boundary values problems of such a type were formulated in pre-
cise mathematical terms by I. Gel’fand [10] and by A. Calderon [5]. These
problems arise naturally in several areas: geophysical electrical prospecting
(L. Slichter [17], V. Druskin [6]), medical imaging (D. Barber, B. Brown [3]),
nondestructive testing of materials (A. Friedman, M. Vogelius [9]), etc.
It is not possible to determine σ uniquely from Λσ. This was discovered
by L. Tartar (see [12]). Indeed, let Φ : Ω → Ω be a diffeomorphism with
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Φ|∂Ω = Id, where Id is the identity map. Then we can define the push-
forward of σ as
Φ∗σ =
(
t(DΦ)σ(DΦ)
|det(DΦ)|
)
◦ Φ−1,
where DΦ is the matrix differential of Φ, and one verifies that ΛΦ∗σ = Λσ.
In dimension two this is the only obstruction to unique identifiability of the
conductivity. The anisotropic problem can be reduced to the isotropic one by
using isothermal coordinates (Sylvester [18]), and combining this technique
with the result of Nachman for isotropic conductivities ([15]) we obtain the
uniqueness result for anisotropic conductivities with two derivatives. The
optimal regularity condition was later obtained by Astala-Lassas-Paivarinta,
who proved the uniqueness for L∞-conductivities in [2]: for an anisotropic
conductivity σ ∈ L∞(Ω) (Ω ⊂ R2 bounded simply connected domain) the
Dirichlet-to-Neumann map determines the equivalence class of conductivities
σ′ such that there exists a diffeomorphism Φ : Ω→ Ω in the W 1,2 class with
Φ|∂Ω = Id and σ
′ = Φ∗σ.
The main purpose of this article is to clarify and show what one can
explicitly reconstruct from a given Dirichlet-to-Neumann operator in the
anisotropic case. From the results obtained in [18], [16], [15], [11] we have
deduced
Theorem 1. Let Ωˆ ⊂ R2 be a bounded domain with C1 boundary and let σˆ
be a C2-anisotropic conductivity on Ωˆ, isotropic in a neighbourhood of ∂Ωˆ.
Suppose we know Λσˆ : C
1(∂Ωˆ)→ Lp(∂Ωˆ), p <∞.
Then we can reconstruct a unique domain Ω ⊂ R2 ∼ C (up to a biholo-
morphism), an isotropic conductivity σ on Ω and the boundary values F |∂Ωˆ
of a quasiconformal C1-diffeomorphism F : Ωˆ→ Ω such that σ = F∗σˆ.
The new point in this statement is the existence of F : Ωˆ → Ω (and
its explicit reconstruction at the boundary) without any assumption on the
topology of Ωˆ. Early in [2] this result was proved for simply connected
domains, a situation in which the question about deformations of complex
structures of Ωˆ does not make sense.
Our main tool, as in [18] and [2], is the global solution F of a certain
Beltrami equation equipped with an asymptotic condition, which takes our
anisotropic conductivity σˆ into an isotropic one, σ, defined in general over a
different domain Ω = F (Ωˆ). With the help of F we then show the existence
and uniqueness of a family of solutions ψˆ(z, λ) of the anisotropic conductivity
equation, with special asymptotics at infinity, using also the existence of such
type of functions in the isotropic case, that we call ψ(w, λ) (firstly introduced
by Faddeev in [7]; see [16], [15] for the main properties). Then we show how
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one can reconstruct the boundary values of ψˆ from the Dirichlet-to-Neumann
operator Λσˆ, for any λ, with a Fredholm-type integral equation, following
the work of Gutarts ([11]). This is a generalization of R. Novikov’s method
for isotropic conductivities ([16]). We also show how to find the boundary
values of F from the knowledge of ψˆ|∂Ωˆ (generalizing the result in [18] and
[2]), and so we find F (∂Ωˆ) = ∂Ω (therefore also Ω).
After this, we explain how the knowledge of Λσˆ, ψˆ|∂Ωˆ and F |∂Ωˆ suffices
to reconstruct the isotropic scattering amplitude b(λ). We give also another
method: we define the anisotropic scattering amplitude bˆ(λ), and we show
that it is equal to the isotropic one, proving that it is essentially a quasi-
conformal invariant. This result was already included in [11]; here we give a
new simpler proof.
Thus with both methods, starting from ψˆ|∂Ωˆ we can reconstruct the
isotropic scattering amplitude: this allows us to write the ∂-equation which
will permit us to find the isotropic conductivity σ on Ω, by the Novikov-
Nachman reconstruction scheme ([16], [15]).
Our scheme can be summarized in the following diagram
Λσˆ → ψˆ|∂Ωˆ →
{
b(λ)
F |∂Ωˆ
→
{
σ
Ω
All steps of this reconstruction scheme are explicit and can be numer-
ically implemented using the Novikov-Nachman reconstruction-type algo-
rithm [16], [15]. Therefore, our paper admits potential practical applications.
Remark 1. Although we cannot reconstruct σˆ uniquely, for the applications
it may be useful to find one representative of the equivalence class of σˆ. To
do this, using our theorem it suffices to find a diffeomorphism G : Ωˆ → Ω
with fixed boundary values (which are the boundary values of a quasiconfor-
mal mapping, in our notation F |∂Ωˆ), and no other particular restriction: in
this way (G−1)∗σ will be a representative of σˆ. If Ω is simply connected one
can use the Ahlfors-Beurling extension theorem for quasi-symmetric home-
omorphism of the circle ([1, Thm. 2, p.69]).
Remark 2. An analogous result to our Theorem 1 is valid also on bordered
surfaces in R3.
Remark 3. One of the referees has drown our attention to the possible rela-
tion of our paper to the publications [13] and [14]. In these papers is shown
that for the inverse isotropic-conductivity problem in an inaccurately mod-
elled (simply connected) domain there is a unique anisotropic conductivity,
corresponding to the boundary measurements, which has the minimal possi-
ble anisotropy; this minimally-anisotropic conductivity can be «isotropized»,
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using Beltrami equation, in order to obtain the original isotropic conductiv-
ity (up to biholomorphisms of simply connected domains). These papers
have certainly some common parts with [2], where the inverse anisotropic-
conductivity problem on simply connected domains is studied. But these
publications have no common points with our paper; indeed our main novelty
consists in the complete study of the inverse anisotropic-conductivity prob-
lem in arbitrary domains (not necessarily simply connected) with smooth
boundaries. Nevertheless, our results can be applied to extend the above-
mentioned publications to the case of non simply connected domains.
2. The Beltrami equation and Faddeev-type anisotropic
solutions
We identify R2 with C by the map (x, y) 7→ x + iy = z and we use the
notation
∂z =
1
2
(∂x − i∂y), ∂z =
1
2
(∂x + i∂y)
where ∂x = ∂/∂x and ∂y = ∂/∂y. We will also use the differential operators
∂, ∂ such that ∂f = ∂zfdz, ∂f = ∂zfdz, with dz = dx+ idy, dz = dx− idy.
We also recall the identity d = ∂ + ∂.
We can suppose that σˆ, already isotropic near ∂Ωˆ, is the identity near ∂Ωˆ
(see [15] for the reduction to this case). Besides, we extend σˆ to the whole
complex plane by putting σˆ = I for z ∈ C \ Ωˆ. Then, for the conductivity
σˆ = σˆij we define the following Beltrami coefficient
µ1(z) =
−σˆ11(z) + σˆ22(z)− 2iσˆ12(z)
σˆ11(z) + σˆ22(z) + 2
√
det(σˆ)
which satisfies |µ1(z)| ≤ k < 1 and is compactly supported in Ωˆ. We now
recall the existence of a diffeomorphism that transforms σˆ into an isotropic
conductivity.
Proposition 2. (Sylvester [18, Prop. 2.1]) There is a quasiconformal C1-
diffeomorphism
F : C→ C such that
F (z) = z +O
(
1
z
)
as |z| → ∞,
and for which
(F∗σˆ)(z) = σ(z)I := (det(σˆ))
1/2 ◦ F−1(z)I.
Thanks to results by Ahlfors and Vekua ([1], [19]), F is obtained as the
solution of the Beltrami equation ∂zF = µ1∂zF , so F is holomorphic in C\Ωˆ.
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Proposition 3. There exist unique Faddeev-type solutions of the anisotropic
conductivity equation, i.e. functions ψˆ(z, λ) such that
(2.1) ∇ · (σˆ(∇ψˆ)) = 0
for all z ∈ C, λ ∈ C, and ψˆ(z, λ) = eλz(1 +O(1z )) when z →∞.
Proposition 3 for the case det σˆ close to a constant was obtained firstly in
[18].
Proof. We define Ω = F (Ωˆ) and q = ∆σ
1/2
σ1/2
. It is known that if u is a solution
of ∇ · (σ∇u) = 0 in Ω, then u˜ = σ1/2u is a solution of
(2.2) −∆u˜+ qu˜ = 0
in Ω. From [4], [15] and [16], we have that for every λ ∈ C there is a unique
solution ψ˜(w, λ) of (2.2) with the asymptotic behaviour ψ˜(w, λ) = eλw(1 +
O( 1w )) when w →∞. So we directly have that ψ(w, λ) := σ
−1/2ψ˜(w, λ) is a
solution of ∇ · (σ∇ψ) = 0 with the same asymptotic (because σ = 1 outside
Ω).
Now let ψˆ(z, λ) be a Faddeev-type anisotropic solution. If we consider
ψ′(w, λ) = ψˆ(F−1(w), λ), we have that ∇·(σ∇ψ′) = 0 from the construction
of σ. Using the properties of F and ψˆ, we get, for w →∞,
ψ′(w, λ) = ψˆ(F−1(w), λ) = eλF
−1(w)
(
1 +O
(
1
|F−1(w)|
))
= eλw
(
1 +O
(
1
1 + |w|
))
showing that ψ′(w, λ) satisfies the same asymptotic of ψ(w, λ). From the
uniqueness of ψ(w, λ) we obtain
(2.3) ψˆ(z, λ) = ψ(F (z), λ),
which proves both existence and uniqueness. 
From the equality (2.3) we can also derive a useful formula to calculate
F |∂Ωˆ. In fact, results in [8] also indicate how the family of Faddeev-type
solutions behaves with respect to λ. We have indeed |e−wλψ˜(w, λ) − 1| → 0
as |λ| → ∞ for every fixed w ∈ C. If we take w ∈ C\Ω the same limit is also
valid for ψ(w, λ); combining this with (2.3) we deduce the following formula.
Proposition 4. ([18, Prop. 2.7]) For all z ∈ C\Ωˆ (in particular for z ∈ ∂Ωˆ)
we have
lim
|λ|→∞
log(ψˆ(z, λ))
λ
= lim
|λ|→∞
log(ψ(F (z), λ))
λ
= F (z).
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3. An integral equation for ψˆ|∂Ωˆ
Following the approach of [11], we show that, as in the isotropic case, we
can find ψˆ|∂Ωˆ through a Fredholm-type integral equation.
The main idea is to decompose the differential operator −∇ · σˆ∇ as
−∆ + M, where M is a compactly supported operator. So we can char-
acterize ψˆ(z, λ) as the solution of the following integral equation:
ψˆ(z, λ) = ezλ −
i
2
∫
Ωˆ
G(z − w, λ)Mψˆ(w, λ)dw ∧ dw,
where
G(z, λ) =
ieλz
2(2pi)2
∫
C
ei(wz+wz)dw ∧ dw
w(w − iλ)
, z ∈ C, λ ∈ C
is the Faddeev-Green function for the Laplacian.
Proposition 5. ([11, Lemma 2.4]) For every λ ∈ C the boundary value of
ψˆ satisfies
(3.1) ψˆ(z, λ)|∂Ωˆ = e
zλ −
∫
∂Ωˆ
G(z − w, λ)(Λσˆ − Λ0)ψˆ(w, λ)dw,
where Λ0 is the Dirichlet-to-Neumann operator of the standard Laplacian (or
for the case of constant conductivity).
This follows from the identity
(3.2)
∫
∂Ωˆ
u0(Λσˆ − Λ0)u =
∫
Ωˆ
u0Mu,
where u0, u ∈W
1,2(Ωˆ), ∇ · (σˆ∇u) = 0, ∆u0 = 0 in Ωˆ.
The fact that the integral equation (3.1) is of Fredholm type in the Sobolev
space W s,2(∂Ωˆ) is the content of [11, Lemma 2.5], and it is uniquely solvable
by [11, Lemma 2.6] (these properties are implied by the same results in the
isotropic case [15]).
4. Reconstruction of the scattering amplitude
Following [8], we define the non-physical scattering amplitude for the
isotropic inverse problem as
(4.1) b(λ) =
∫
Ω
e−λwq(w)ψ˜(w, λ)dw.
From [16] we have
b(λ) =
∫
∂Ω
e−λw(Λq − Λ0)ψ˜(w, λ)dw,
where Λq is the Dirichlet-to-Neumann operator of the Schrödinger equation
(2.2).
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Since σ is the identity near ∂Ω, equation Λq = σ
−1/2(Λσ +
1
2
∂σ
∂ν )σ
−1/2
reads Λq = Λσ, and ψ˜|∂Ω = ψ|∂Ω, so
(4.2) b(λ) =
∫
∂Ω
e−λw(Λσ − Λ0)ψ(w, λ)dw.
Thus, for the reconstruction of b, it is sufficient to determine Λσ and ψ|∂Ω.
By (2.3) we already know ψ|∂Ω; for the determination of Λσ, by arguments
of [2], we obtain the identity
(4.3)
∫
∂Ωˆ
uˆΛσˆ vˆ =
∫
∂Ω
uΛσv
which holds for any uˆ, vˆ ∈ C1(∂Ωˆ) and u, v ∈ C1(∂Ω) such that uˆ = u◦F and
vˆ = v ◦F (this follows directly from the properties of F and the symmetry of
the two Dirichlet-to-Neumann operators). So we find Λσ from Λσˆ and F |∂Ωˆ.
4.1. Complementary result. We give here another method to find b(λ).
Inspired by [11], we define the anisotropic scattering amplitude as
(4.4) bˆ(λ) =
∫
Ωˆ
e−λzMψˆ(z, λ)dz
and we have the following result.
Proposition 6. b(λ) = bˆ(λ)
We will need the following lemma
Lemma 7. For every φ ∈ C1(∂Ωˆ), ψ ∈ C1(Ωˆ) solution of ∇ · (σˆ∇ψ) =
(∆−M)ψ = 0 in Ωˆ, we have
(4.5)
∫
∂Ωˆ
φ(Λσˆ − Λ0)ψ = 2i
∫
∂Ωˆ
φ(∂ψ − ∂ψ0),
where ∆ψ0 = 0 in Ωˆ and ψ0|∂Ωˆ = ψ|∂Ωˆ.
Proof. Let a ∈ C1(Ωˆ) such that a|∂Ωˆ = φ, and w = x + iy. From the
definition of the Dirichlet-to-Neumann operator and from Stokes’ theorem,
one has ∫
∂Ωˆ
φ(Λσˆ − Λ0)ψ =
∫
Ωˆ
(∇a · ∇(ψ − ψ0) + aMψ)dxdy,
and by Stokes’ theorem and by the identity ∆ = 4 ∂
2
∂z∂z
2i
∫
∂Ωˆ
φ(∂ψ − ∂ψ0) = 2i
∫
Ωˆ
∂a ∧ (∂ψ − ∂ψ0) +
∫
Ωˆ
aMψ dxdy.
8 GENNADI HENKIN AND MATTEO SANTACESARIA
Writing in coordinates we get
∂a ∧ ∂(ψ − ψ0) =
1
2i
∇a · ∇(ψ − ψ0)dxdy +
1
2
da ∧ d(ψ − ψ0).
Again by Stokes’ thorem we have∫
Ωˆ
da ∧ d(ψ − ψ0) = −
∫
∂Ωˆ
(ψ − ψ0)da = 0
because ψ|∂Ωˆ = ψ0|∂Ωˆ. The proof follows. 
Proof of Proposition 6. From identity (3.2) we find
bˆ(λ) =
∫
∂Ωˆ
e−λz(Λσˆ − Λ0)ψˆ(z, λ)dz.
Using the lemma we find
bˆ(λ) = 2i
∫
∂Ωˆ
e−λz(∂ψˆ − ∂ψˆ0) = 2i
∫
∂Ωˆ
e−λz∂ψˆ,(4.6)
b(λ) = 2i
∫
∂Ω
e−λw(∂ψ − ∂ψ0) = 2i
∫
∂Ω
e−λw∂ψ,(4.7)
where the second equalities follows from Stokes’ theorem, the fact that e−λz
(resp. e−λw) is antiholomorphic and ψˆ0 (resp. ψ0) is harmonic in Ωˆ (resp.
in Ω).
If we call z = G(w) = F−1(w) we find, from (4.6),
bˆ(λ) = 2i
∫
∂Ωˆ
e−λz
∂ψˆ
∂z
dz
= 2i
∫
∂Ω
e−λG(w)
(
∂F
∂z
)
∂ψ
∂w
(w, λ)
(
∂G
∂w
)
dw
= 2i
∫
∂Ω
e−λG(w)∂ψ,(4.8)
because F (resp. G) is holomorphic in a neighbourhood of ∂Ωˆ (resp. ∂Ω),
and from the equality ψ ◦ F = ψˆ.
To see that (4.8) is equal to (4.7) we proceed as follows. Let ΩR = { z ∈
C : |z| < R } the disk of radius R, and let R be sufficiently large to have
Ω ⊂ ΩR. We apply Stokes’ theorem to ΩR \ Ω and we obtain, for every
quasiconformal homeomorphism E : C→ C, holomorphic in C \ Ω,∫
∂Ω
e−λE(w)∂ψ =
∫
∂ΩR
e−λE(w)∂ψ +
∫
ΩR\Ω
∂(e−λE(w)∂ψ)
but the last term vanishes, because e−λE(w) is anti-holomorphic and ∂∂ψ = 0
in C \ Ω.
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So the identity ∫
∂Ω
e−λE(w)∂ψ =
∫
∂ΩR
e−λE(w)∂ψ
is true for R ≫ 0, E(w) = G(w) and E(w) = w. As we have G(w) =
w +O( 1|w|) for w →∞, using the lemma we deduce
bˆ(λ) = 2i
∫
∂Ω
e−λG(w)∂ψ = lim
R→∞
2i
∫
∂ΩR
e−λG(w)∂ψ
= lim
R→∞
2i
∫
∂ΩR
e−λw∂ψ = 2i
∫
∂Ω
e−λw∂ψ = b(λ) 
5. The ∂-equation and the reconstruction of σ
Here we follow the steps of [16] to reconstruct isotropic conductivities.
The function µ(w, λ) = ψ˜(w, λ)e−λw satisfies the following ∂-equation with
respect to λ
(5.1)
∂µ(w, λ)
∂λ
=
b(λ)
4piλ
eλw−λwµ(w, λ).
This is equivalent to the integral equation:
(5.2) µ(w, λ) = 1 +
1
8pi2i
∫
C
b(λ′)
(λ′ − λ)λ
′ e
λ
′
w−λ′wµ(w, λ′)dλ′ ∧ dλ
′
because µ → 1 when w → ∞. By results of [15], equation (5.2) is solvable,
and one can find σ(w) from the integral formula
(5.3) σ1/2(w) = µ(w, 0) = 1+
1
8pi2i
∫
C
b(λ)
|λ|2
eλw−λwµ(w, λ)dλ∧dλ, ∀w ∈ C
or from the more stable general formula
(5.4)
∆σ1/2(w)
σ1/2(w)
=
∆ψ˜(w, λ)
ψ˜(w, λ)
, ∀w ∈ C, ∀λ ∈ C.
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